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Abstract
A new method for transforming incidence structures and sharply multiply transitive permutation
sets was introduced in Quattrocchi and Rosati (Geom. Dedicata 44 (1992) 233{240). When
applied to projective planes this method resembles Ostrom’s derivation technique, (Ostrom, Trans.
Amer. Math. Soc. 11 (1964) 1{18), but does not coincide with it. In the Section 2 we give
sucient conditions to transform a nite (1)−l∞ transitive projective plane into a plane which
is still (1)−l∞ transitive. Furthermore, we apply the transformation method to the construction
of ocks (i.e. sharply 1-transitive permutation sets). In the Section 3 we rene the transformation
method of Quattrocchi and Rosati (Geom. Dedicata 44 (1992) 233{240) and obtain a reversible
transformation procedure. c© 1999 Elsevier Science B.V. All rights reserved.
MSC: 52A01; 20B20
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1. Introduction
Let t and k be cardinal numbers, t nite. A (t; k)-structure is an incidence structure
S= (P;B;I) such that each block contains k points, any t distinct points p1; : : : ; pt
are incident with a unique block, denoted by hp1; : : : ; pti: In [11] Quattrocchi and
Rosati introduced a method to transform a (t; k)-structure into another one, which has
the same parameters t and k, but is not necessarily isomorphic to the original one. More
precisely, let F be a family of blocks: FB and let f 2 SymP; the pair (F, f)
is called a transformation system for S if the following condition holds:
hp1; : : : ; pti 2F , hf(p1); : : : ; f(pt)i 2F:
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A new incidence structure S0=(P;B;J) can be dened preserving the same point-set
and block-set of S and changing the incidence relation
if B 2F then pJB , f(p)IB;
if B 2 B−F then pJB , pIB:
The new incidence structure S0 is a (t; k)-structure itself [11].
The choice of a transformation system can generally be done in many dierent ways
and several problems connected with this choice arise. In the rst place you can ask
when two dierent (t; k)-structures can be obtained from one another by a transforma-
tion. Second, one can investigate if an appropriate choice of the transformation system
yields an incidence structure which is not isomorphic to the original one. Many answers
to the rst question have been found (see [3,11{14]). The second question seems to
be more dicult. A class of translation planes which seems to be new has been found
by this method [2]. Also, some classes of unitals embedded in the Hall planes have
been constructed [14], and it was proved in [1] that these unitals are not isomorphic
to those which were previously known.
The transformation technique can also be applied to permutation sets. Namely, let
E be a non-empty set and let G be a permutation set on E: We say that G is sharply
k-transitive on E (for some positive integer k) if for any two ordered k-tuples of distinct
elements of E : (x1; : : : ; xk); (y1; : : : ; yk); there exists a unique permutation g 2 G such
that g(xi) = yi; holds for each i = 1; : : : ; k: We may always assume G to contain the
identity 1E; (otherwise we replace G by −1G for some xed  2 G): In [11] the
following propositions are proved:
Proposition 1 (Quattrocchi and Rosati [11]). Let G1 and G2 be disjoint subsets of G
such that 1E 2 G1 and G1 [G2 =G: Let  2 Sym E. If the following conditions hold:
1. g−12 g1 2 G2 for each g1 2 G1 and each g2 2 G2;
2. If x1; : : : ; xk are k distinct elements of E there exists g1 2 G1 such that
g1(xi) = (xi); i = 1; : : : ; k:
Then G1 [ G2 is a sharply k-transitive permutation set on E.
Proposition 2 (Quattrocchi and Rosati [11]). With the hypothesis of the previous
Proposition 1; if G is a subgroup of Sym E and  62 G1 then G1 [G2 is a subgroup
of Sym E if and only if G1 is a subgroup of index 2 in G and G2 = G2:
It is not yet clear when a certain incidence structure can be transformed into another
one. Observe that the group of ane linear transformations over a nite near-eld of
order 2h cannot be obtained by transforming the group AGL(1; 2h) in the sense of
Proposition 2. (The latter group contains no subgroup of index 2.)
In the next section we give a new application of the transformation technique. Then
we show how, under certain circumstances, a (1)−l1 transitive nite projective plane
can be transformed into a projective plane which is again (1)− l1 transitive.
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Sometimes the transformation procedure is not reversible. In the Section 3 we rene
the transformation technique, in such a way that if a set G is obtained by transformation
of T , then T is obtained by transformation of G:
2. New results and applications
Let K = GF(pm), E = K [ f1g, 1 62 K ,  2 AutK with (1) = 1. Set
G1 = PSL(2; pm) and G2 = PGL(2; pm)− G1. Then G(pm; ) = G1 [ G2 is a sharply
3-transitive permutation set on E containing the identity. All the known sharply
3-transitive permutation sets containing the identity and acting on pm + 1 elements
can be described in this manner as  varies in AutK , (see [9]).
In [4] Bonisoli and Quattrocchi gave a construction for a class of sharply 1-transitive
subset of G(pm; ), p 6= 2: Precisely, let h(z)= z2 +ez−b 2 K [z]; K=GF(pm); be an
irreducible polynomial; the set C consisting of the identity and of all the transformations
 a : x ! (ax + b)=(x + a + e), as a runs over K; is a sharply 1-transitive subgroup of
PGL(2; pm). Let GF(pf) be the minimal subeld of GF(pm) containing the coecients
of h(z); if f is distinct from m and if 2f does not divide m; then there exists a
non-identical automorphism  2 AutK with (e) = e and (b) = b (this is also a
necessary condition). Under this hypothesis, let D be the subset of G(pm; ) consisting
of the identity and of the following transformations:
x ! (ax + b)=(x + a+ e) if a2 + ae − b is a non-zero square in K;
x ! (a(x) + b)=((x) + a+ e) if a2 + ae − b is a non-square in K:
Then D is a sharply 1-transitive permutation set on K [ f1g:
Proposition 3. The permutation set D is obtained by transformation of the group C.
Proof. Let G1 be the subgroup of the group C consisting of the identity and of all
the transformations: x ! (ax + b)=(x + a + e); with a2 + ae − b a non-zero square
in K ; let G2 = C − G1 and let  2 AutK with (e) = e and (b) = b ( not the
identity). It is easy to verify that G1 and G2 satisfy condition (1) of Proposition 1.
Condition (2) is also satised. In fact let x 2 K [ f1g and let  2 C with ( x) = 1:
We have −1−1 2 −1C; hence there exists  2 C such that −1−1 = −1.
The transformation  lies in G1 as  and −1 have the same quadratic character. If
we now consider −1 we have −1( x) = x; that is ( x) = ( x) and condition (2)
is veried.
Let G be a sharply 2-transitive permutation set on the nite set E; with jEj= n:
For every ;  2 G dene  k  if and only if either = or (x) 6= (x) for every
x 2 E:
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This relation amounts to the relation of parallelism in the associated ane plane.
Therefore, k is an equivalence relation on G and for each pair ( x; y) of elements of
E and for each  2 G there exists a unique  2 G such that ( x) = y and  k : We
will call k a relation of parallelism in G. If G satises the conditions of Proposition 1,
then:
Proposition 4. If G1 contains all the elements of G which are parallel to the identity
1E then:  2 G1;  2 G;  k  imply  2 G1:
Proof. Dene H = fi 2 G j i k 1Eg: The set H consists of the identity and of all
xed-point free permutations in G. Consequently, jH j= n and H G1: If 2G2; there
are exactly n elements of G which are parallel to , namely the permutations i
for i = 1; : : : ; n. First notice that i = (−1)−1i; from condition (1) of Proposition 1
−1 2 G2 and i 2 G2: If for each x 2 E the relation i(x) 6= (x) holds we
obviously get i k ; on the other hand if there exists x 2 E with i( x) = ( x) then
i( x) = x and i = 1E; that is i = : Therefore,  2 G2;  2 G;  k  imply  2 G2;
as a consequence  2 G1;  2 G;  k  imply  2 G1:
Proposition 5. Let G be a sharply 2-transitive permutation group on the nite set E
and let G1 be a normal subgroup of G; then  2 G1;  2 G and  k  imply  2 G1:
Proof. G is a planar group. Therefore, the xed-point free elements of G form a
subgroup contained in every normal subgroup. Now apply Proposition 4.
Let G be a sharply 2-transitive permutation set on E; with E nite, jEj= n: Assume
the conditions of Proposition 1 are fullled with  2 Sym E and G = G1 [ G2: Let 
be the ane plane associated to G; with ideal line l1. Let (1) be a point on l1 and
let  be the projective closure of ; then:
Proposition 6. If  is (1)− l1 transitive and the following condition is satised:
()  2 G1;  2 G;  k  implies  2 G1
then the plane associated to G1 [ G2 is also (1)− l1 transitive.
Before proving Proposition 6 we must recall some properties and results. Consider
a coordinatization of : Since  is (1) − l1 transitive, the planar ternary ring de-
ned on E is linear and (E;+) is a group. Furthermore, G is the set of ane linear
transformations on E [6]. The existence of  is equivalent to the existence of a com-
plete set of mutually orthogonal latin squares of order n: Such a complete set can be
canonically constructed as follows, see [5]: choose the ideal line l1; label the n + 1
points on l1 : (1); (0); : : : ; (n − 1); (E = f0; : : : ; n − 1g), label the n lines other then
l1 that pass through (1) as e0; : : : ; en−1 and label the n lines other than l1 that pass
through (0) as a0; : : : ; an−1: Denote the point e0 \ aj by Aj, 06j6n − 1: For each
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point (h), 06h6n − 1; construct an associated square Lh by putting the symbol l in
the (i; j)th cell of Lh if the line joining (h) to the point ei \ aj meets e0 at Al: In the
square corresponding to the point (0) each row contains the symbols 0; 1; : : : ; n − 1
in natural order. The remaining squares form a complete set S of mutually orthogonal
latin squares. Observe that S is in canonical form, that is each square has 0; 1; : : : ; n−1
as its rst row. In [5] the following result is proved:
(-) Let S be a complete canonical set of squares which represent a given projective
plane of order n; n>3; with respect to the coordinating points (1); (0); : : : ; (n− 1) on
a line l1: The plane is (1)− l1 transitive if and only if every latin square of S has
the same set of n rows and this set forms a permutation group.
Notice that each square Lh represents a class of parallelism of ; furthermore, if 
is (1)− l1 transitive then the jth column of Lh, h>1; is a permutation of the form
x ! −hx + j and the ith row is a permutation of the form x ! −hi + x: If we x an
element h 6= 0;1 we have f−hi j i = 0; : : : ; n − 1g = f0; : : : ; n − 1g; hence the set of
rows of Lh is the set of all the permutations of type: x ! x+ k; k 2 E: This set is the
same for each square Lh and it corresponds to the group (E;+):
We are now able to prove Proposition 6: let g1 2 G1 be such that g1(0)= 0 holds.
Such a permutation g1 certainly exists. In fact if we take a 2 E with (0) = a; then
since 1E 2 G1 and condition () of Proposition 6 holds, each permutation of the form:
x ! x+k is an element of G1: We may then take for g1 the permutation g1 : x ! x−a:
Setting = g1; we now prove the following:
1. For each x1; x2 2 E; x1 6= x2; there exists g 2 G1 such that g(x1)=(x1); g(x2)=(x2);
2. G1 [ G2= G1 [ G2:
1: such a permutation g does exist by the sharp 2-transitivity of G: The condition
g 2 G2 implies g−11 g 2 G2 and g−11 g(x1) = (x1); g−11 g(x2) = (x2) which violates
condition (1) of Proposition 1.
2: we have G2g1 = G2: In fact take g2 2 G2 and set g2 = g−12 2 G2: We ob-
tain g2g1 = g−12 g1 2 G2; whence G2g1G2 and the relation jG2g1j = jG2j implies
G2g1 = G2:
Let  be the ane plane associated to G1 [ G2 and let S be the corresponding
complete set of mutually orthogonal latin squares, relatively to the coordinating points
(1); (0); : : : ; (n−1) on l1: Condition () assures that S is obtained from S by changing
the squares associated to the classes of parallel lines contained in G2: Notice further
that if 0 2G2 and if 1; : : : ; n−1 2G2 are the permutations in G parallel to 0, then
f0; : : : ; n−1g corresponds to the columns of a square Lh of S: More precisely, if j
denotes the permutation associated to the line containing the points (−h) and (0; j);
then 0(i); 1(i); : : : ; n−1(i) is the ith row of the square. Such a square is transformed
into a square whose ith row is 0(i); 1(i); : : : ; n−1(i); that is the same square of S
with permuted rows. Observe also that S is in canonical form, in fact (0)= 0 assures
that the rst row of each square of S is 0; 1; : : : ; n− 1. Therefore, the complete set S
satises the condition of result (-) and the plane which is associated to G1 [ G2 is
(1)− l1 transitive.
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3. A renement of the procedure
Under the hypothesis of Proposition 1, assume G1 [ G2 has been obtained by
transformation of G1[G2. It is not always possible to reobtain G1[G2 by transformation
of G1[G2, as condition (2) is not guaranteed. As an example we may set G1[G2 =
PGL(2; pm), G1 =PSL(2; pm) and take for  any automorphism of GF(pm) with 2 6=
1E: This circumstance motivates the following generalization of Proposition 1.
Proposition 7. Let G be a sharply k-transitive permutation set on E. Let G1 and G2
be disjoint subsets of G such that 1E 2 G1 and G1 [G2 =G; let  2 Sym E. Assume
the following conditions hold:
1. g−11 g2 2 G2 for each g1 2 G1 and each g2 2 G2;
2. If x1; : : : ; xk are k distinct elements of E there exist g1; g1 2 G1 such that g1(xi) =
(xi) and g1(xi) = 
−1(xi); i = 1; : : : ; k:
Then G1 [ G2 is a sharply k-transitive permutation set on E.
Proof. Let A be the set of all ordered k-tuples of distinct elements of E and set
P = A  A: Let p = (x; y) 2 P; x = (x1; : : : ; xk); y = (y1; : : : yk) and g 2 Sym E. If
yi=g(xi) (i=1; : : : ; k) then write y=g(x) or PIg: Clearly, (P; G; I) is a (1; jAj)-structure.
If p=(x; y) 2 P dene f(p)=((x); y) with (x)=((x1); : : : ; (xk)); and set F=G2:
Denoting by hpi the unique block which is I -incident with p; we prove that (F; f)
is a transformation system for (P; G; I): Let p= (x; y):
(a) If hpi 2 F then hf(p)i 2 F: In fact there exists g2 2 G2 with g2(x) = y and
if g 2 G is the unique element such that g(x) = y then g−1g2(x) = (x): Suppose
g 2 G1; by (1) we obtain g−1g2 2 G2 and this contradicts (2); therefore we necessarily
have g 2 G2; that is hf(p)i 2F:
(b) Assume conversely hf(p)i 2F and let g2 2 G2 with g2(x) = y: Let g be the
unique element of G such that g(x)=y and let x=−1(z): Then g2(z)= g−1(z) and,
supposing g 2 G1; we obtain g−1g2(z) = −1(z) with g−1g2 2 G2 which contradicts
(2). Hence g 2 G2 and hpi 2F:
The transformed structure of (P; G; I) is a (1; jAj)-structure (P; G; J ): Then for
any x; y 2 A there exists a unique g 2 G with (x; y)Jg; that is either y = g(x) or
y=g(x) according to g 2 G1 or g 2 G2: Therefore, G1[G2 is a sharply k-transitive
permutation set on E:
If G=G1[G2 and  satisfy the hypothesis of the previous proposition, then G1[G2
is obtained by transformation of G1 [ G2 and viceversa, since g−11 g2 2 G2 for each
g1 2 G1 and each g2 2 G2:
Notice that if G(pm; ) and G(pm; ) are two distinct sharply 3-transitive permutation
sets, then it is always possible to obtain one of them by transformation of the other
one and viceversa: take G1 = PSL(2; pm); G2 = PGL(2; pm)− G1; both sets G1 [ G2
and G1 [ G2 satisfy condition (1) of Proposition 7; furthermore both −1 and −1
are automorphisms and so condition (2) is also satised.
G. Rinaldi / Discrete Mathematics 208/209 (1999) 499{506 505
The conditions requested in Proposition 1 imply those of Proposition 7, namely:
Proposition 8. Let G be a sharply k-transitive permutation set on E. Let G1 [G2 be
a partition of G such that 1E 2 G1 and let  2 Sym E. If conditions (1) and (2) of
Proposition 1 are satised then conditions (1) and (2) of Proposition 7 hold.
Proof. Observe that, under the hypothesis of Proposition 1, the inverse of an element
of G2 is again an element of G2. If g1 2 G1; g2 2 G2; then g−12 g1 2 G2 and (g−12 g1)−1=
g−11 g2 2 G2: To prove the second condition, observe that condition (2) of Proposition 1
amounts to saying that, for every g2 2 G2;  and g2 have the same action on at most
k−1 elements of E: The same thing can be said for −1 and g−12 : As g−12 2 G2 for any
k-tuple of distinct elements of E; say x1; : : : ; xk ; there exists an element in G1 which
has the same action of −1 on x1; : : : ; xk :
As an immediate consequence of Proposition 7 we have:
Proposition 9. Under the hypothesis of Proposition 7 let H denote the set of permu-
tations  on E satisfying condition (2); then H is a subgroup of Sym E.
Proof. It is sucient to prove that ;  2 H implies  2 H: First we prove that for
every g2 2 G2; the permutations  and g2 have the same action on at most k − 1
elements of E: In fact suppose (xi) = g2(xi); with i = 1; : : : ; k and x1; : : : ; xk distinct
elements of E: Then there exists g1 2 G1 such that (xi) = g1(xi); i = 1; : : : ; k; and
g−11 g2(xi)=(xi) with g
−1
1 g2 2 G2; a contradiction. The same argument can be repeated
for −1−1:
We conclude observing that the conditions of Propositions 1 and 7 coincide whenever
G = G1 [ G2 is a nite group. If this is the case, then for any g1; h1 2 G1; we have
g1h1 2 G1: In fact g1h1 2 G and supposing g1h1 = g2 2 G2 we have h1 = g−11 g2 with
g−11 g2 2 G2; a contradiction. As 1E 2 G1; the permutation set G1 is actually a subgroup
of G: Take now g1 2 G1; g2 2 G2; then g−12 g1 2 G and assuming g−12 g1 = h1 2 G1
we should have g1h−11 = g2; contradicting g1h
−1
1 2 G1: Therefore, g−12 g1 2 G2 and the
conditions of Proposition 1 are satised.
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